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In this work, an approach to the forward generation of discrete first- and second-order sensitivities is proposed. For this
purpose, an algorithm has been developed, which can basically be applied to general implicit differential-algebraic
equation (DAE) systems. Moreover, the approach has been tailored to both the generation of directional derivatives and
sensitivities with respect to discontinuous control trajectories. The implementation of the method is discussed here for the
orthogonal collocation method based on Legendre—Gauss—Radau points and considering the linear implicit DAE type,
which arises in problems related to chemical engineering. Lastly, the approach has been applied to three case studies of
different complexities. The corresponding performance for the generation of Jacobian and Hessian information is discussed
in detail. © 2012 American Institute of Chemical Engineers AICAKE J, 58: 3110-3122, 2012
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Introduction

The generation of first- and second-order sensitivity infor-
mation is in particular interesting for the solution of dynamic
optimization problems when applying the so-called sequen-
tial or control parametrization approach, where the solution
of the optimization problem is decoupled from the solution
of the embedded dynamic system. Here, the dynamic model
equations are solved using an integration method of choice,
and the results at discrete points in time are then passed as
arguments to an optimization routine, where only independ-
ent variables are considered.' In doing so, the original con-
tinuous time problem is transformed into a discrete nonlinear
programming problem (NLP). For the efficient solution of
this NLP problem, the gradient information is provided
based on sensitivities of the dynamic system solution. Gener-
ally, the so-called forward and the adjoint mode are consid-
ered for the generation of exact sensitivity information.

The forward mode represents merely the derivation of the
dynamic equation system with respect to (w.r.t.) independent
parameters. For the computation of first- and second-order
sensitivities, Ref. 2 applied this approach to general implicit
differential-algebraic equation (DAE) systems, which yields
an augmentation of the original equation system by a linear
matrix differential equation system. The augmented dynamic
system is then solved using a standard integrator and yields
time evolution of Jacobian and Hessian of the integrated state
variables. The forward mode implies the solution of a number
of systems scaling linearly and quadratically with the number
of parameters, when generating Jacobians and Hessians.
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Adjoint sensitivity analysis is especially designed to find
the sensitivity of one or a small number of scalar functions
for the solution of the dynamic system w.r.t. to a large num-
ber of parameters.” Usually, when one result of the integra-
tion method is needed (e.g., sensitivity of a function value
defined only at a specific time point), the adjoint mode is the
method of choice for the generation of first- and second-
order sensitivities. It is based basically on the calculation of
the intermediate quantity, called the adjoint variable, as the
solution of a linear system called adjoint system.’ In the
adjoint method, the time for a Jacobian evaluation is a small
multiple of the forward increase and nearly independent of
parameter number. Moreover, it increases linearly for the
Hessian generation. Using a state-of-the-art NLP solver, the
second-order derivative information is needed as Hessian of
the Lagrangian, which results from the superposition or lin-
ear combination of function values and its Hessian for differ-
ent points in time. Ref. 4 introduced recently the concept of
composite adjoints for path-constrained optimal control prob-
lems, where the superposition of so-called single adjoints is
performed by solving one adjoint system only.

In contrast to the use of full Hessian information for the
solution of an NLP problem, directional derivatives, also
called restricted or projected second-order derivatives, have
been considered in several works (e.g., to be used by a trun-
cated Newton method to calculate search directions). In the
forward mode, these Hessian matrix-vector products show
the same computational complexity as for the evaluation of
first-order sensitivities.” Thus, it increases only linearly with
the number of free parameters. In the same way, for the
reverse generation of second-order directional derivatives,
the computational effort is reduced significantly to a nearly
constant average cost,* or it has a weak dependence on the
number of parameters.” Examples in chemical engineering
with a relative large numbers of free optimization variables
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are given, for example, in Refs. 4 and 6-8. All of them
report fast and robust solutions using second-order
directional derivatives together with tailored optimization
methods.

Moreover, to improve the efficiency of the sensitivity gen-
eration, different approaches have been proposed. One is the
exploitation of the structure of the original dynamic system
augmented with equations for sensitivity generation while
using a state-of-the-art integration method, see for example
Refs. 7, 9, and 10. However, in contrast to the so-called con-
tinuous sensitivities, another well-studied approach yields
discrete sensitivities. This is the so-called staggered integra-
tion method,'" which follows the same idea as the internal
numeric differentiation.'? It is based on the differentiation of
the numeric solution of the original system, which results
from the application of a specific integration method. Here,
after solving the original problem, all adaptive elements of
the integrator are frozen, and thus, the same step lengths are
used for the computation of both the original and the sensi-
tivity equation system. In doing so, the differentiation of
large and complex integration code with iterations and error
control can be avoided. The fact is exploited that the sensi-
tivity equation system is linear and shares the same Jacobian
matrices with the original system.3 Using implicit integration
methods for the integration of large-scale systems, the reuse
of the factorized Jacobian for the sensitivity equations
becomes the most interesting part, because this factorization
corresponds to the main computational cost.*1°

Most of the solvers with capability of providing sensitivity
information are based on the backward differentiation formula
(BDF) method. In particular, for the DASSL code, different
variants of forward generation of continuous and discrete
first-order sensitivities have been studied extensively.g’“’m’17
Different methods are implemented in DASPK 3.0 package for
the solution of general DAE system with index up to two.'®
An extension to a parallel computation of sensitivities for each
independent parameter value,'®'® as well as results using
matrix free or inexact Newton method for the solution of all
linear problems have also been reponed.19 The generation of
first- and second-order directional derivatives using adjoint
derivative analysis and the BDF method (here an extension of
DASPK) has been introduced in Refs. 6 and 20. A different
implementation for index one linear implicit systems have
been reported in Refs. 13 and 21. A comparison of the adjoint
mode for explicit and implicit integration methods can
be found in Ref. 14. An application based on the explicit
Runge—Kutta method for the solution of linear implicit systems
with a constant mass matrix has been presented in Ref. 22.

Generally, chemical engineering problems are inherently
stiff and nonlinear and show often discontinuities mainly
imposed by switching points in the control trajectory. In the
presence of discontinuities, frequent restarts of multistep
integration algorithms represent additional work, because
they have to revert to first-order at each restart. In contrast,
one-step methods have the capability of self-starting in high
orders, which is here of particular interest.'®'> Discrete
second-order adjoint schemes for one-step methods of
implicit Runge—Kutta and Rosenbrock type have been pre-
sented in Ref. 23. Additional examples of one-step integra-
tion methods are applications of a semiimplicit Runge—Kutta
method,"> where discrete first-order sensitivities are gener-
ated by a staggered approach for explicit index one ordinary
differential equation systems and for one-step extrapolation
of the linearly implicit Euler method, where first-order deriv-
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atives are generated by a simultaneous state and sensitivity
integration approach to linearly implicit DAE systems of
index one.'? Furthermore, a different implementation based
on orthogonal collocation for the staggered forward integra-
tion of discrete first-order sensitivities of index one DAEs
has also been proposed.24

In this work, orthogonal collocation, also known as a
pseudospectral method, is used for the approximate solution
of DAEs. In chemical engineering, collocation methods
have been widely used in the simultaneous optimization
approach for state and control patrametrization,zs’26 or in
the sequential optimization approach for the solution of the
underlying state integration problem.”’ 2 We refer here to
collocation methods based on Legendre—Gauss—Radau
(LGR) points, a quadrature formula, where one node of the
basic mesh is included in the set of collocation points. For
problems that are sufficiently smooth, global LGR schemes
can be applied, where a single interval is used together
with high-order polynomials.* In contrast, in a local collo-
cation the parametrization is done by an element-wise dis-
cretization in time with each time element using a low-
order LGR scheme.”! Using this so-called Orthogonal Col-
location on finite elements (OCFE) method in sequential
optimization, an adaptive selection of the number of ele-
ments (step-size control) is usually applied.*> The state-of-
the art implementation using LGR points is the RADAUS
software for the solution of linear implicit DAEs.* A dis-
cussion on their equivalence to particular implicit Runge—
Kutta methods with highest-order accuracy and excellent
stability properties for index one and higher systems can be
found, for example in Ref. 27.

This contribution describes an approach to the forward
generation of discrete first- and second-order sensitivities.
Special focus lies on the derivation of efficient formulas for
sensitivity information w.r.t. discontinuous control trajecto-
ries, which are usually applied in single shooting (see section
“Problem Formulation”). For this purpose, an algorithm is
derived for the generation of first- and second-order discrete
sensitivities for one-step integration methods considering
general implicit DAE systems (section “Forward Generation
of Discrete First- and Second-Order Sensitivities”). The
algorithm is then adapted to the generation of directional
derivatives. In the following, implementation details are dis-
cussed for orthogonal collocation method based on LGR
points together with a staggered integration approach while
considering the simpler linear implicit DAE type, which
arises in chemical engineering problems (section ‘Algorith-
mic Implementation’). Finally, the algorithm is applied to
three different case studies. Performance estimates for the
generation of first- and second-order sensitivities in form of
full Jacobian and Hessian information are presented in detail
(section ‘“‘Performance Evaluation”).

Problem Formulation
A fully implicit DAE system is considered

0 = g(¥(t),x(1),u(t),p,t) ,  x(to) = xo (D

where x € R™ denotes the dependent states, u € RN the
independent controls or decisions, p € R"P the independent
parameters, and ¢ the time. However, whereas Eq. 1 represents
the general implicit DAE type, most of the arising dynamic
models in chemical engineering can also be expressed by the
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Figure 1. Discretization grids and evaluation points used for the numeric solution of a dynamic optimization

problem.

The discrete variables (marked by a circle) illustrate discrete state and decomposed decisions and parameters, which are used in

the step-wise integration of Eqgs. 1 and 2.

type shown in Eq. 2.

dg"™ (x(1), p)

e A CORTON )

0 = h(x(1),p,1) ,

Equation 2 corresponds to a linear implicit DAE system,
which is defined in Eq. 3 as follows

x(to) =xo  (2)

M(x(1),p) - X(1) = &(x(0),u(t),p,1) ,  x(t0) =x0  (3)

where M(:) = 6g1hs(-)/8x represents the so-called mass
matrix, where zero rows have to be added in the presence of
algebraic model equations h(x(¢), p, f). As the generation of
this matrix for some cases may not be trivial (see, e.g.,
the process models in case study distillation of fatty Acids
(DiCol) and high-performance liquid Chromatography
(HPLC) in section ‘“Performance evaluation’), the form in
Eq. 2 is preferable. In this work, both the general implicit DAE
(Eq. 1) and the linear implicit DAE type (Eq. 2) are con-
sidered, showing how the sensitivity generation can be
simplified for the latter case.

For a complete specification of a simulation problem, the
initial state values x, the limits #), #; of the simulation time
horizon, the model parameter values p, and the time depend-
ent decisions u(f) have to be specified (see Figure 1). In
doing so, u(f) is usually transformed using a finite element
discretization (called here decision grid) with zeroth- or
higher-order approximations within each element. In this
work, a zeroth-order approximation is considered, which
leads then to piece-wise constant decisions over time. It
should be though noted that in addition to the discrete val-
ues, the time length of each interval can also be considered

in the discrete decisions u; with i = 1, ---, Nd. Finally, evalu-
ation points are defined by discrete points in time, at which
the state variables x(t = t,) with e = 1, ---, Ne are evaluated.

Applying a step-wise integration for the solution of the
defined problem, the so-called simulation grid with discrete
states x; with s = 1, ---, Ns is formed, for which the element
length results from the adaptive step-size control and the dis-
continuities in the decision grid.
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Local and global sensitivities for single shooting

It can be seen from Figure 1 that in contrast to the param-
eters p, which are active over the entire simulation horizon,
the influence of the discrete decisions u; on the solution of
the integration problem is restricted to a finite element
length within the simulation time horizon. In comparison to
multiple shooting and the simultaneous optimization
approach, dependencies of the state variables on all discrete
decisions (in past and current decision intervals) have to be
considered while using single shooting. Thus, we distinguish
between local and global sensitivities when referring to
dependencies of states on the discrete decisions u;, u; in a
certain decision interval x;. An illustrative example using the
single shooting method for the generation of optimal control
profiles and with local and global sensitivities can be found,
for example in Ref. 34.

Equation 4 shows the general definition of first- and
second-order sensitivities for the problems defined in Egs. 1
and 2.

S = % c RNxxNu . — 62)([ Nx-NuxNu
W auj ’ hik aujc?uk
with i j,k=1,---,Nd (4)

The term ‘‘local sensitivities” (SL) is used to denote
dependencies of state variables x; on decisions u;, u;, which
are located in the same decision interval, with i = j = k (see
Eq. 4). These decisions act direct locally on the solution of x;.
In contrast, all prior decisions u;, u; with j, k =1, .-, i — 1 do
not have a direct influence on x;. Accordingly, these
sensitivities are denoted here as ‘“global sensitivities” (SG),
with i > j and j = k. Finally, we define “mixed sensitivities”
(SM) of second order, in which one can further distinguish
between “mixed (local-global) sensitivities” with i = j and
Jj > k and “mixed (global) sensitivities”” with i > j, i > k, and
J # k. It has to be noted that dependencies of state variables x;
on decisions u;, u; in future decision intervals are zero, with 7
< jand i < k. Moreover, for mixed second-order sensitivities,
it follows that 82x,-/6u_,-8uk = 82x,/8uk8u,-. These considerations
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are used to reduce the computational effort while evaluating
sensitivity information (see section ‘“Algorithmic Implementa-
tion™).*

The complete set of first-order sensitivities, which have to

be evaluated in all decision intervals from S _, € RN ¢
Si_ng € RNVONUN are given in Eq. 5

=1 [SL }

=2 = [SG21: SL, ]

i=3 = [SGz 1> SG% 2 SLg,s}

;:Nd = [SGNd 1’ SGNd 25 SGNd 3 7 SLNd Nd} Q)]

In the same way, the complete set of second-order
.. .. I . I i R K
sensitivities from S,_, € RN 1o Si—na € RN N Na>Nu-Nd
is given in Eq. 6.

St 1= [SLIII.L]}

i=
M " "
1" S 2,1.1 S 2,12

=2 1" "
S 22,1 S 2,22
SG311 SM312 SM%13
!
i=3 = SM321 SG322 SM323
SM@H SMHz SLM%
!
i=Nd
r " " " -
SGNd 1,1 S Nd,1,2 S Nd,1,3 7 S Nd,1,Nd
S " S n SM// . S "
Nd,2,1 Nd,2,2 Nd,2,3 Nd,2,Nd
" " " "
= S Nd,3,1 S Nd,3,2 SGNd,3,3 S Nd,3,Nd
" " " n
LS Nd,Nd, 1 S Nd,Nd,2 SMNd,Nd.3 S Nd,Nd,Nd

(©)

In a previous work, it has already been demonstrated that
the generation of global sensitivities is basically done in a
similar way as the generation of local sensitivities.** Thus, in
the following, we first focus on the generation of local
sensitivities for the general DAE system described in Eq. 1 and
discuss afterward adaptation and simplifications so as to
compute global and mixed sensitivities and to apply the
derived formulas to the DAE type defined in Eq. 2.

Forward Generation of Discrete First- and
Second-Order Sensitivities

In the general one-step integration method, the approxi-
mate solution x, is obtained by an integration method with
the known initial value x, ; (solution of the previous step),
the local discrete decisions u,, and the parameter values p
for each integration step s (see Figure 1). The repeated com-
putation for the last and current step is

*From the above discussion it follows also, that dependencies of states on the pa-

rameters always follow the definition for local sensitivities.
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L

Xy R X1 + /f(xﬂ’tdvpvt);

L1

fy1
Xs—1 R X2 + / f(x;’lml’:f)? (7)

with At; = t; — t,_, being the current step size. Because of the
recursive implementation in Eq. 7, the following discussion is
only restricted to the current step s. Using the so-called
staggered state and sensitivity integration method, all adaptive
elements from the integration are “frozen’ after each successful
step. The sensitivities are then generated based on the available
“frozen” information. Thus, to account for the step-wise nature
of this procedure, decisions and the parameters are decomposed
into piece-wise constant contributions in u,y, Ugy— 1, and pg,
Ps—1, respectively. In doing so, formally independent variables
are introduced, which have actually the same value.

Ugs, Udg—1 = U; Pss Ps—1 = P ®)

Moreover, while decomposed decisions u,, and parameter
ps contribute only to the current element, u,,_; and p;_;
denote past contributions of the last element.

For ease of discussion, in the remainder of this section,
we focus only on sensitivities w.r.t. to decision variables.
Furthermore, a simplified notation for the discrete variables
x, the decomposed parameters p, and the decisions u# within
the current interval in defined in Eq. 9.

Aty := Aty
At = Atd‘x

X = Xs—15
X 1= Xy

U = Ug 515
U= Ug;

Po ‘= Ps—13
P =Py
)

Generation of local sensitivities

Throughout this section, the problem of generating local
sensitivities SL; i SL;fiﬂ,- w.r.t. u is first considered along with
the solution of the state profile.” The consideration of the
individual contributions ug and u in Eq. 9 corresponds to the
step-wise integration of the model equations. Thus, their
influence on the solution within the current simulation subin-
terval is considered separately. For the implicit one-step inte-
gration method, x is calculated in the current element by the

solution of an implicit equation system*
Onx :g(XaXOaU;PaIaAt) (10

Considering the dependencies on the decomposed contribu-
tions uy and u (see Eq. 9), we can write®

x(xo(ug), u), u) (11)

Adopting the rule of differential calculus for functions of
several variables, that is, the independent contributions ug, u,
we obtain

Onx = g( x0(uo),

9 g A\
d{ﬂ}x = (%duo —+ %du> X (12)

For simplicity the indices i in this section are dropped.

“Without loss of generality, we assume that the discrete system has the dimension
Nx, which is the case, for example, when using first-order discretization.

SNonitalic symbols are used to indicate discretized variables/quantities (see also
Figure 1).
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The general expression for the sensitivities of the discrete
states in the current element w.r.t. both contributions of the
decomposed decisions (in the last and current element) with du
= duy = du (see Eq. 8) is defined as follows

{n} {n}
d X7<i+ﬁ> x (13)

{n} _
SLY =2 = \Gug T ou

The derivation of the discretized equation system (Eq. 11) w.r.t.
the independent contributions ug, u and their addition results in

Og (0x Oxg | Ox g 0Xo n g

Ox 8x0 8u0 u Oxg  Oug du
— ~~

SL' = dx/du SLy = dxo/dug

0Nx><Nu (14)

From the comparison with Eq. 13, the term SL' in Eq. 14
corresponds to the first-order sensitivities. Accordingly, first-order
sensitivities can be calculated step wise by solving a linear matrix
equation system with the coefficient matrix J, = dg/0x. The right-
hand side of Eq. 14 is defined by the partial derivatives w.r.t. the
initial states and current contributions J, and J,, respectively.

Jo-SL = —(Jy, - SLy +J,,) (15)

For a step-wise computation of second-order sensitivities,
Eq. 14 is differentiated again w.r.t. uy and u. In the same way
as for the first-order sensitivities and by considering the
dependencies in Eqgs. 11 and 13, the addition of the resulting
terms for SL" in Eq. 14 yields (see Appendix A)

d*x _(9SL))  9(SL)
du? - all() du

Thus, SL” in Eq. 16 corresponds to the second-order
sensitivities. Moreover, by adding the results for all terms in
Eq. 14 and using the definitions for SL’ and SL” we then obtain"

ag " NT 0 ag 0 ag
[a ®IN“} SL” + [ @ (SL)'] L?uo (ax " ou \ox

8g 0 8x0 0 8x0
LT%"} ' a(ﬁ) *%(a*uo)
=0

+ o (sL)] [afo (aag) o <§foﬂ

9 (0g o (og\] _
" |:8u0 (811) o ou <8u>:| = ONx-NuxNu (17)

An explicit derivation of all terms in Eq. 17 and some
reformulations gives

SL// —

(16)

8g " nT
[&ealm} SL” + [INX ® (SL) }

2 2 2
.{ag L0 gy O SL/] + {@QNNU} .SLY

OxOu  Ox0xq 0x? Oxo
07g  0°g g
Ine @ (SLH)T - L,
+ [ o (s14)"] [3x08u+ax Lo+ o S
g g P’g
+[ﬁ+auam SLo + Gudx SL} = O (18)

For the corresponding notations and results regarding second-order matrix deriva-
tives, the interested reader is referred to Ref. 35.
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From Eq. 18, it can be followed that the second-order
sensitivities are obtained again by the solution of a linear
matrix equation system with the coefficient matrix [J, ® Iny]-
Thus, it can be formulated in the same way as in Eq. 15 by
using the following short notation.

Vi ® Ina] - SL" = — ([INX ® (SL’)T}

+ [Hu + Hyy - SLy + Hy - SL'] + [Jy, @ Ing] - SLG

n [INX ® (SLg)T}  [Hy + Hyysy - SLy + Hiy - SL']
- [Huw 4+ Huny - SL + Hon - su]) (19)

The local sensitivities SL;, SLg are initialized with zero,
when starting the integration in a new decision interval 4. In
Eq. 19, the first-order solutions from the current and past
integration element SL’ and SL{, are used.

For the evaluation of Egs. 15 and 19, a linear matrix
equation system has to be solved. In principle this can be
done through reuse of the factorization of the iteration
matrix J,, which is used to solve the implicit equation
system in Eq. 10 (simulation problem). The algorithmic
implementation is discussed in section ‘“Algorithmic
Implementation”.

Generation of global, mixed (local-global), and mixed
(global) sensitivities

In contrast to local sensitivities SL';;, SL, ;, where past ugy
and current contributions of u are considered (see Eq. 13),
global sensitivities SG;;, SG,, with i > j represent only
derivatives w.r.t. contributions of ug (see also section ‘“Prob-
lem Formulation”).** The derivation of the discretized equa-
tion system in Eq. 11 w.r.t. the independent contributions of
ug yields
J.-SG' = —(J, - SGy) (20
In analogy to this, the derivation of Eq. 20 w.r.t. uy yields
the formula for second-order global and mixed (global)

sensitivities
(liwo 0]

« [Hy - SGY + Hy - SG'] + [Jy, ® Inu] - SGfy

[J.\‘ ®1Nu] . SG” - -

+[1NX ® (SGg)T} - [Hypx, - SGy + Hyy - SG'] ) (21)

In contrast to local sensitivities, which are initialized with
zero, when stepping into a new decision interval i, global
sensitivities SG, SG{ are initialized by their corresponding
values of the past local sensitivities SL/ s SL]”J o withj=1i—1,
or alternatively, by values of the past global sensitivities SG
SG” ik With j =1 — 1, j > k (notation according to Eq. 6)
Usmg Eq. 21, the computation of second-order mixed (global)
sensitivities is done in the same way.

Moreover, to obtain a formula for the step-wise integration
of second-order mixed (local-global) sensitivities SM/
with i > j, the following formula is finally used**

Lij?

**For the sake of simplicity, all indices i,j, and k are dropped in this section.
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U, ®Ing] - SM” = — ( [INX ® (SL’)T]
[Hug - SGy + Ho - SG'] + [y @ Ina] - SMy + |1y @ (SL)"
'[onxo : SG6 +Hk‘ox ) SG,] + [Huxo : SG6 +Hw; . SG/} ) (22)

The global sensitivities SGy, are then initialized by their
corresponding values of the past local sensitivities SL! ., with j
= i — 1, or alternatively, by values of the past global
sensitivities SGI/.‘,(, with j = i — 1, j > k. SL{,, SMj are
initialized with zero.

Reformulation to obtain directional derivatives

In the last section above, a computation scheme for the
generation of first- and second-order sensitivities has been
derived, which is based on the explicit computation of Jaco-
bian and Hessian matrix information. Full first- and second-
order sensitivity information SL’/, SG’, SL”, SG”, SM” is
obtained by the solution of a linear matrix equation system.

However, the influence of individual parameters and cer-
tain parameter space directions can be computed individually
by solving a corresponding linear equation system. To do so,
a reformulation is proposed, which is aimed at computing
directional derivatives. The corresponding calculation rules
allow to make use of AD tools, which provide directional
derivative information in an efficient manner.’® It will be
shown that the use of AD techniques is especially interesting
for the evaluation of the right-hand side of the linear equa-
tion systems of these calculation rules.

Generally, a first-order directional derivative d’' € RN is
defined by @' = SL’ - §!, where 6! € R™" represents a spe-
cific direction. In Eq. 15, all terms are postmultiplied as
{~}- 6!, and thus, the following linear equation system is
obtained for the iterative step-wise calculation of local direc-
tional derivatives d/'(3})

Jo-dl' (L) = — (I, - dly(8%) =7, - 31) (23)

Similarly, d” € R™ is used to indicate a second-order local
directional derivative, which is defined by dI” = [In, ®(3})"] -
SL” - 6% while using an additional direction 6> € R™". In Eq.
19, all terms are postmultiplied as {-+}- 42, and premultiplied
as [Iny ® (5;)T]-{ ---}. Consequently, the following linear
equation system is obtained for the calculation of dl"(d!, %)
(see Appendix B)

Jodl"(8),57) = — ( v (@)

[Hy - 82+ Hyyy - dly(82) + Hy - dl (02)] + o, -l (81, 57)

uu

1 ® (@l (33)) | - [+ 07+ oy -l (57)
+ Hyge-dl (0] + [ ()"

a5 a3 -] ) 29

The first integration step in a new decision interval d is
initialized setting the local sensitivities dlj(3}), dlf(52), dlj(5},
55) to zero in the same way as in Egs. 15 and 19. Moreover,
the second-order outcome depends on the solution of Eq. 23 in
both the current and the past interval.
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Furthermore, derivatives in arbitrary directions can be cal-
culated, using Egs. 23 and 24 while including those elemen-
tary directions, which can be used to compute single ele-
ments of the first- and second-order sensitivity matrices SL/,
SL”.

It can be seen from Eqgs. 15, 20 and Egs. 19, 21, 22, that
the difference in computing local and global sensitivities [as
well as mixed (global and local-global) sensitivities] SL’,
SG’ and SL”, SG”, (SM") consists basically in the considera-
tion or neglection of the following matrices: J,, and H,,, H,,,,
H,u» H,., H,. Taking these simplifications into account,
global and mixed directional derivatives can be computed
using the Eqgs. 23 and 24.

Algorithmic implementation

In this section, specific adaptations of the proposed
algorithms are described, which allow the efficient use of
the software for both the computation of higher-order direc-
tional derivatives and the solution of linear implicit equa-
tion systems while using an implicit one-step integration
method.

Generalized approach for the calculation of
directional derivatives

The different directional derivative terms (Jacobian vector
products) on the right-hand side of Eq. 23 can be rewritten
using a generalized Jacobian as shown in Eq. 25.

ONx
dly(6,,) (25)
51

Jo-dl (8 =~[J, Ty .-

Likewise, the right-hand side of Eq. 24 can be formulated
using the generalized Jacobian and Hessian as well as the
general direction vectors, which result from the solution of
Eq. 25. In Eq. 26, the definition of the second-order tensor
T is given component-wise for each single discrete equation,
g;, with i € 1, ---, Nx (see Eq. (11)) to keep the illustration
simple.

J,-dl" (8,03 = [T, Ta, -

u»u

) TNX]T_JA’(I : dlg((sl 52)

u»u

(26)
with  T; = [dI'(5;), diy(9,), o]
Hxx H,\‘xo H,\'u dl/(éli)
HX(IX HX(]X() Hx()u dlé)(é:‘)

1
H ux H uxo H ui 0 u

i

Specific adaptations for the integration of linear implicit
equation systems using the OCFE method

All formula have been derived, so far, for the case of a
fully implicit equation system (Eq. 1), which is solved using
an implicit one-step integration approach.

However, for a linear implicit model (see Eq. 2) and the
OCFE integration method, some simplifications can be car-
ried out.* Using the definitions in Eq. 9, the discrete equa-
tion system for the current integration step s (see Eq. 11)
can then be written as a linear combination of functions g
and g, which are computed using either x, or x. This is
shown in Eq. 27a, where the dependencies on the free
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decisions are considered (compare with Eq. 11). In the same
way, the consideration of the parameters yields Eq. 27b.

Onx = g(X0(ug), x(xo(ug), u), u)

= g7 (x0(up)) + g9(x(x0(uo), u), u) (27a)
Onx = g(x0(Po)s X(X0(Po); P)s P)
= g%(xo(po), P) +£”(x(x0(po), P); P) (27b)

A difference can be noticed while comparing the depen-
dencies on the discrete decisions and parameters in Eqs 27a
and 27b, which results from the fact that the decision variables
are generally not connected to the differential variables in the
process model (see 2). In other words, ge # f(u). In any case,
from the linear combination of g and g, it follows then
directly that the computation of second-order derivatives can
be simplified significantly, as the matrices H., H, . vanish.
Moreover, all function values as well as derivative terms can
then be evaluated separately for any discrete point in time
(e.g., Xp, X), which is in particular interesting when writing a
general computer code, in which the model equations are
implemented in routines for the evaluation of g", ¢™ and &,
as previously defined in Eq. 2. Accordingly, the integrator can
then be interfaced with these routines as well as routines for
the evaluation of their corresponding derivatives.

Thus, we get for the step-wise integration of local direc-
tional derivatives w.r.t. parameters

o | dly (o) T Ony
Te dl/(ézi) =1y ] 0(1[)) — [T ] 51\5
9 p
(28)
and
-]x . dl”(éll),élzj) = _[Tl; T27 cee TNX]T_ ‘]i . dlg(é,l,;é,z,)
Hus H} [dlaw;)}
1
i 0,

HPX(I HPI’
dr (5!
517

T = [diy(@}), &3] - {

+[d1/(5127)7 (ﬂ . {Hm pr}

H px H pp

i

Likewise, but considering the differences in Eqgs. 27a and
27b, we obtain for the step-wise integration of local directional
derivatives w.r.t. decisions

T dl(0}) = ~1Jy Ju]e-[d’g(éi)} AR {ONx}

Nu 6114
(30)
and
Je-dl"(8),02) = —[Ty, Ta, -, Tnx] = J, - dlf(3),52)
Hwy Hy | [ dly(3)
Ti = [diy (37), oNu].[ } .[dlo@u)}
HM,\’(] HML( i ONu
Hyo Hy 1 |dl(s)
dr(o?), o2 - | - : " 31
el - [ 2 e

It should be noticed that global directional derivatives are
calculated by Egs. 30 and 31 by substituting the local
directions dI'(8}), dI'(6?), dI"(3}, 52) by their respective global

u’
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counterpart, and by setting 5;, 55 to zero. Moreover, a
combination of local and global sensitivities yields the so-

called mixed (local-global) directional derivatives.

Computer code

The algorithm has been implemented in the solver called
sDACI, a sparse DAE solver based on the OCFE method.>*
Integration is performed using an orthogonal collocation
based discretization along with the element-wise solution of
the discretized nonlinear equation system. The dynamic lin-
ear implicit model is defined by the user supplied functions
g™, grhs, h, see Eq. 2. ADOLC is used for the evaluation of
the Jacobian and first-as well as second-order directional
derivatives of these user functions. The Jacobian is assumed
to have a sparse partly unordered structure. When choosing
a discretization scheme of an order higher than one, the size
of the discrete equation system (Eq. 10) depends on the
order of the polynomial approximation Nc given by Nc -
Nx. Accordingly, the dimension of the discrete iteration ma-
trix J, results in Nc - Nx x Nc - Nx.

For the solution of the nonlinear simulation problem
in Eq. 10 and the linear sensitivity integration problems in
Egs. 28-31, the general sparse nonlinear equation solver
NLEQIS®" as well as the linear equation solver UMF-
PACK?>® have shown to provide sound results. Furthermore,
before the solver is called, sDACI needs to perform a cold
start with some preliminary steps. They are among others:
verification of the user supplied information, recording of
the user functions by ADOLC, memory allocation, extraction
of sparsity pattern of the Jacobian for the user functions as
well as of the discrete iteration matrix, preordering of non-
zero elements and storage of the element placement for dis-
cretization, and symbolic factorization of the iteration matrix
by UMFPACK. Provided that there is no structural change
in the user supplied functions, the cold start has to be per-
formed only once and the problem defined in Eq. 2 can then
be solved for different solution parameters using the warm
start option.

Moreover, a step size control (time derivative analysis
is implemented to guarantee the accuracy of the state profile.
After each successful step of the state integration, the sensi-
tivities are evaluated for each direction solving the linear
equation systems Eqs. 28-31. For this purpose, the LU facto-
rization of the iteration matrix J, from the current state inte-
gration step is reused. The simultaneous evaluation of deriv-
atives in various directions speeds up then the computation
time by using AD tools.”> When integrating sensitivities in
multiple directions, this fact is exploited for the construction
of the right-hand side matrices in Eqs. 28-31. Additionally,
when full second-order information is needed, S” can be
constructed efficiently by exploiting its symmetry, and thus,
generating only the diagonal and upper diagonal elements.
The general algorithm for the integration and staggered gen-
eration of sensitivities w.r.t. discrete decisions u;, with i = 1,
---, Nd is shown in Algorithm 1.

32)

Performance Evaluation
Case studies

Sequencing Batch Reactor — SBR. The first case study
considers a sequencing batch reactor (SBR) process for
waste water treatment. The equation system is derived from
a state-of-the-art activated sludge model extended for two-
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Algorithms 1: Step-wise integration of model equations and
generation of first- and second-order sensitivities (as defined
in Eqgs. 5 and 6) using the staggered approach

/*Initialize sDAC1 solver */
Set initial values for xo, u, p, t, At
Warm up sDACI (see section ““Algorithmic Implementation™)
/*Solution over all decision intervals */
for i = 1 to Nd do
Update u for current decision interval i
Initialize SL;; = 0 and SLY;; = 0
forj=1toi—1do
| Initialize SM!;, = 0
while (end of decision interval is not reached) do
/* Integrate model for current time step */
repeat
Discretize equation system using OCFE
Solve for x (Eq. 10)
Step size control update At
until (integration tolerance is sufficient)
Store LU-decomposition of iteration matrix matrix J,
/* Generate first-order sensitivities */
Calculate SL!; (Eq. 30 V §),)
forj=1t0i—1do
LCalculate SG}J (modified Eq. 30 V (3,:)
/* Generate second-order sensitivities #/
Calculate SLY;; (Eq. 31V 6}.62)
for j = 1to i do
if j < i then
|_Calculate SG/; (modified Eq. 31 ¥ 6}.62)
fork=1toj—1do
LCalculate SMY, ; (modified Eq.31 ¥ 4),07)
Set symmetric elements SM;;; = SM} ;
| Update for next time step xg = X, -
/* Initialize next decision interval */
for j =1 toido
| Initialize SG,,; = SL!; and SG/,
forj=1toi—1do
for k =2toido

L LSM;’JrI.j,k = SMl"{j.k

= sG/

iy

step nitrification—denitrification process.40 It is an explicit
index one DAE system of the type

B0 (o) ). p)

0 = h(x(1),p,1) ,

The process control variable is the air flux fed to the tank,
which is optionally turned on and off so as to induce either
aerobic or anoxic conditions. Figure 2 shows oxygen, nitrite,
and nitrate concentrations for the scenario considered here.

This case study represents a small and stiff dynamic sys-
tem. Due to the sharp changes in the concentrations, a rela-
tively large effort is spent for the selection of an adequate
step size for the integration. Table 1 provides the problem
type and dimensions.

Distillation of Fatty Acids — DiCol. In the second case
study, a packed distillation column operated at vacuum is
considered for the separation of fatty acids. The detailed
and experimentally validated dynamic model has been
found to soundly represent different industrial scenarios.*'
It considers eight different organic carbon compounds,
complex static and dynamic hold-up relations, energy bal-
ances, constant pressure drop, and vapour—liquid equilib-
rium relations. The detailed modeling of the organic carbon
compounds includes physical property relations taken from
the industry-standard DIPPR data base. The column model
is an index two implicit DAE system of the type

X(l()) = X (32)
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Figure 2. Case study SBR: operation scenario with the
air flux fed to the tank turned on and off and
resulting evolution of oxygen, nitrite, and ni-
trate concentrations.

lhs x
W = g™ (x(), u(r),p)

0 = h(x(1),p,1) ,

The case study considers a product changeover in a
minimum time. The manipulated operating parameters are:
reboiler duty and reflux ratio. The interested reader is referred
to Ref. 34, for details regarding the process model and the
solution of the related dynamic optimization problem.

This case study represents a highly nonlinear model with
a high number of operations for the evaluation of the prob-
lem functions. Table 1 provides details regarding the prob-
lem type and dimensions.

High Performance Liquid Chromatography — HPLC. The
third case study considers a high-performance liquid chroma-
tography (HPLC) separation process. A widely used HPLC
model represents the so-called equilibrium transport disper-
sive model, which includes different mass transfer mecha-
nisms, and it can be used with general nonlinear and multi-
component adsorption isotherms. Two fluid phases are con-
sidered, a bulk phase that is moving in axial column
direction, and a stationary particle phase, where adsorption

X(l()) = X (33)

Table 1. Problem Type and Dimensions for the
Three Case Studies

Case Study SBR DiCol HPLC
Problem type Explicit Linear Linear
DAE implicit DAE implicit DE
Problem index 1 2 0
#States 19 420 1,206
#Differential equations 11 179 1,206
#Algebraic equations 8 241 —
Problem function*: g, h
#Operations 152/331 6,904/39,987 14,683/14,032
Problem Jacobian*: J,
#Nonzero elements 11/76 510/3,156  4,212/4,212
Sparsity 3.05%/21.05% 0.29%/1.79% 0.29%/0.29%

Iteration matrix**

Dimension 57x57 1,260 x 1,260 3,618 x3,618

#Nonzero elements 324 13,065 41,526

Sparsity 9.97% 0.82% 0.32%
*lhs/rhs.

**Discretization of third order, Nc = 3.
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Figure 3. Simulation of the HPLC for three different

species.

Column middle and outlet concentrations are depicted
for step changes of the column inlet concentrations.

takes place. The resulting mathematical model is a two-
dimensional (axial direction and time) partial differential
equation system for the bulk phase coupled with an implicit
differential equation system for the particle phase. The
model is defined for each species involved in the separation
process. After discretization in space using the Galerkin fi-
nite element method with second-order polynoms, an index
zero implicit differential equation system is obtained*?

lhs
WD) _ o), ue) ), x(w) =20 G4
where some model parameters (adsorption parameters) are
connected to the differential states. The separation of a three
component mixture is simulated. The geometric column data
and physical model parameters are adopted from Ref. 34. As
axial concentration profiles can be very steep in particular near
the column entry, the accuracy and stability of the numeric
solution depend strongly on the number of elements used for
the discretization in axial direction. Here, 100 elements are
used. In Figure 3, simulation results are given for concentra-
tion step changes within the feed. The results at the column
outlet as well as in the middle position of the column are
depicted for all three components.

This case study represents a large, sparse, and highly stiff
dynamic system. Table 1 provides details regarding the prob-
lem type and dimensions.

Computation time

All computations were carried out with double precision
using the GNU C/C++4 compiler version 4.5.2 for 32 bit
Linux platform with an Intel Core 2 Duo (U9400 @1.4
GHz) computer with 3-GB RAM. Parallel programming has
not been considered.

Sensitivities w.r.t. Parameters. As discussed in section
“Problem Formulation”, local sensitivities have to be com-
puted over the entire simulation time horizon for the evalua-
tion of the complete set of first- and second-order sensitivities
w.r.t. parameters. Accordingly, the total number of elements
in the matrices S’ and S” increases linearly and quadratically
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with the number of parameters, respectively. As each element
in 8 and S” represents one single direction, which is inte-
grated along with the states, the additional computational
effort compared with one state integration increases also line-
arly and quadratically for the evaluation of first- and second-
order sensitivities. In Figure 4, the computational effort
referred to one state integration is depicted for an increasing
number of parameters for all three case studies. Although the
selected case studies are of a very different problem type (see
Table 1), they confirm the general dependency on the number
of parameters as discussed above. The differences in the rela-
tive effort for 10-20 parameters (Figure 4, bottom) can be
explained by a relative large overhead in the evaluation of the
Jacobian and various directional derivatives of the user func-
tions. The time needed for the evaluation using ADOLC can
generally take up to <50% of the overall computation time,
and thus, the complexity of the derivatives can then influence
the result dramatically. Additionally, the model used for case
study SBR is not a large one. The staggered integration
approach benefits mostly from systems where the time for the
lower and upper triangular matrix (LU) factorizations domi-
nates over the total computation time. This is the case for
large-scale process models. Table 2 shows detailed solution
statistics for the three cases considered when sensitivities
w.r.t. 10 and 12 parameters are evaluated.

Sensitivities w.r.t. Discrete Decisions. The complete set
of first- and second-order local, global, and mixed sensitiv-
ities w.r.t. discrete decision variables over the entire simula-
tion time horizon are shown in Egs. 5 and 6. The total num-
ber of elements (nels) in Eq. 5: SL};, SG.. and Eq. 6: SL,

1,0 J 10,0
SG{};» SM{}, increases quadratically and cubically with the

oy
number of decision intervals Nd used for control profile dis-

cretization, respectively

Nd? + Nd
nelsS’ = N
2 35
nelss” :2'Nd +3-Nd” + Nd
6
2r - :
1.8+ ——S8BR e .1+7~(5’). .
——HPLC 4
1.6/ | ——DiCol
o141
g : : state + first-order
= 12 sensitivity integration
S 1 :
g
;& 30
S 25¢ state + first-and second-
2 20t order sensitivity integration
S 15 ‘
= aal L+r(S"+S") b
10 N
5_ .
1——e

1 5 10 15 20
number of parameter Np
Figure 4. Relative computation time w.rt. one state
integration for an increasing number of
model parameters.
Results are given for the evaluation of both one state and

first-order sensitivity integration (top) and one state and
first plus second-order sensitivity integration (bottom).
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Table 2. Solution Statistics for the Three Case Studies for the Integration of States, First- and Second-Order Sensitivities

Sensitivities w.r.t. Constant Parameters

Discrete Decisions

Case Study SBR (Np = 10) DiCol (Np = 10) HPLC (Np = 12) SBR (Nu = 10) DiCol (Nu = 10) HPLC (Nu = 12)

State integration®

#Steps 472/543 36/36 219/221 257/292 52/52 163/163
Sensitivity integration™*

#Local steps 4,720/25,960 360/1,980 2,628/17,082 257/257 52/52 163/163

#Global steps —/— —/= —/= 780/780 76/76 401/401

#Mixed steps —/— —/- —/— —/1,986 —/252 —/1,212
Iteration matrix

#LU decompositions 1,413 109 874 707 173 641

#Linear system solutions 32,093 2,449 20,584 4,767 681 2,981
Function evaluations™**

#Calls to g, h 5,872/5,870 441/439 3,291/3,289 3,000/2,998 681/679 2,418/2,416

#Calls to J 4,241/4,241 331/331 2,626/2,626 2,122/2,122 523/523 1,927/1,927

#Calls to J - d, 30,680/— 2,340/— 19,710/— 4,050/— 498/— 2,328/—

#Calls to J - d 20,768/15,576 1,584/1,188 11,388/8,541 —/1,542 —/312 —/978

#Callstod" - H - d 124,608/93,456 9,504/7,128 79,716/59,787 12,092/9,069 1,520/1,140 7,104/5,328
Computation time

State integration 0.74 s 3.56s 25.76 s 0.34s 5.39s 17.84 s

+ First-order sens. 0.99 s 4.80 s 36.69 s 0.39 s 5.77s 19.04 s

+ Second-order sens. 338 s 13.64 s 136.86 s 0.63 s 7.46 s 27.34 s

*Successfull/ trials.
**First and Second order.
##*hs/rhs.

To keep the discussion simple, we refer to the case where the
number of continuous decision variables is Nu = 1 and assume
an equidistant spacing of all decisions u; over the simulation
time horizon. The additional effort in comparison to the state
integration can be estimated according to Eq. 36.

nelsS’
Nd
nelsS’ + nelsS”
Nd

r(S") o

(36)
(S +5")

It can be seen that an increase in the number of discrete
decisions means a weak linear (7(S')) and quadratic (r(S" +
S")) increase in the computational effort, which is due to the
fact that global and mixed global sensitivities do not need to be
integrated over the entire simulation time horizon. This is
confirmed by those results in Figure 5, where the computa-
tional effort referred to one state integration is shown for an
increasing number of discrete decisions for all three case
studies. However, it should be noted that this results hold only
for an equidistant spacing and differ for a different spacing of
the decision intervals, that is, their individual time lengths.

Comparison with other approaches

For a general performance evaluation of the studied OCFE
integration method applied to single shooting optimization,
the interested reader is referred to Ref. 29. In comparison to
an implementation of the well-known multiple shooting
method, the proposed approach performs superior in particular
for large-scale dynamic optimization problems (large number
of free decision variables), although it should be noted that
tests have only be performed for small-scale dynamic equa-
tion systems. However, the adaptation of the approach in Ref.
29 for the efficient handling of large-scale dynamic systems
by sparse matrix calculus has been already presented else-
where,** and thus, it is likely that a similar performance can
be expected for large-scale dynamic systems also.

From the three numerical case studies presented in this
work, it can be observed that in comparison to the effort for
one state integration, the additional effort for the generation
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of one single directional derivative (first or second order)
represents only a small fraction of around 5% of the simula-
tion time for large dynamic systems. This fraction depends
mainly on two different values. First, it corresponds to the
required number of Newton type iterations performed in
each state integration step, which means then that the
approach benefits basically from highly nonlinear systems.
Second, this fraction depends on the number of steps, which
are rejected in the step-size control, in other words, the
approach is in particular efficient for systems with difficult
dynamics.

This relatively small computational effort has also been
reported for different implicit integration schemes.'"* In

14— ——SBR
state and first-order —HPLC
1.3¢ sensitivity integration DiCol
o 121
£
Z 110 1
.2
g 1 1+7(5")
a i i i 1
3 state, first and second-order sensitivity
E ol integration ;
£ -
(=
1.5F
L4+7r(S+S")
1

1 5 10 15 20
number od discrete decisions Nu

Figure 5. Relative computation time w.r.t. one state
integration for an increasing number of ele-
ments used for discretization of the control
profile.

Results are given for the evaluation of one state and
first-order sensitivity integration (top) as well as for one

state and first plus second-order sensitivity integration
(bottom).
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contrast to a fourth-order explicit Runge—Kutta scheme,
where the time for solving a first-order adjoint and a direc-
tional second-order sensitivity is equivalent to that of four
and 13 simulation times, respectively, using an implicit inte-
gration method, second-order directional derivatives are
cheaply obtained by an additional computing time of 15%
only.'* Different performance results are reported for appli-
cations of the adjoint approach to the BDF integration
method. A theoretical bound of maximum five times the cost
of a system simulation for a discrete first-order directional
gradient has generally been assumed.'*?! For a different
implementation, the computational cost for one directional
second-order derivative has been reported to be between two
and four simulation times.® Similarly, for one-step methods
of implicit Runge—Kutta and Rosenbrock type, the cost of a
first-order adjoint computation is slightly over two times,
wheareas the cost of a second-order adjoint calculation is
three and a half times the cost of a simulation.”?

In contrast to the aforementioned references, in this contri-
bution, the generation of complete Jacobian and Hessian
information has been considered. The efficiency of this
implementation for second-order derivatives deteriorates
with an increasing number of free parameters (in the pre-
sented case studies higher than 15) in comparison to the
results from other authors using the adjoint mode because of
the quadratic increase in computation time. However, for the
generation of sensitivities w.r.t. discrete decision variables
(individual elements of a control trajectory), the computa-
tional effort can be reduced to a weak quadratic increase
only. This is mainly due to the fact that discrete decision
variables do not have an influence on the entire simulation
horizon. It leads to very small computing times for a com-
plete Jacobian and Hessian generation while not exceeding
2.5 times the time for one state integration (up to 20 discrete
decision variables).

The results obtained can directly be contrasted with other
approaches where Jacobians are computed by forward sensi-
tivity analysis and Hessians by second-order discrete adjoint
equations as presented in Ref. 22. Here, the computation
time for a Jacobian and Hessian evaluation scales essentially
linear w.r.t. the number of free parameters and a full Hessian
evaluation can be expected to be over four to seven times
longer than that for a Jacobian evaluation.”” It can thus be
concluded that the presented approach performs especially
well in comparison to the discussed other approaches when
generating sensitivities w.r.t. comparatively low-dimensional
discrete decisions.

Conclusions

In this work, an approach to efficient forward generation
of first- and second-order sensitivities for general and linear
implicit equation systems is proposed. In contrast to the
approach to forward generation of continuous sensitivities,”
the generation of discrete sensitivities is discussed here for
one-step integration methods. The implementation is shown
for an implicit integration method, namely the OCFE method
based on LGR points, while adopting the so-called staggered
state and sensitivity integration approach. Using a high-order
one-step method with exact nonlinear system solutions in
each integration step, large step sizes together with accurate
approximate solutions of the state profiles are obtained. >
The staggered state and sensitivity generation scheme bene-
fits mainly from this and also from the reuse of the factor-
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ized system Jacobian as well as the intermediate data. To
emphasize this issue, numerical experiments have been car-
ried out for three different case studies ranging from small
and stiff to large, sparse, and complex application examples.
In comparison to the effort for one state integration, the
additional effort for the generation of one single directional
derivative (first or second order) represents only a small
fraction of around 5% of the simulation time for large
dynamic systems.

However, the efficiency of the forward generation for
second-order derivatives deteriorates with an increasing
number of free parameters because of the quadratic increase
in computation time. In contrast to this, the computational
effort can be reduced to a weak quadratic increase for the
generation of sensitivities w.r.t. discrete decision variables.
Thus, it leads to very small computing times for a complete
Jacobian and Hessian generation in comparison to the time
needed for a state integration.

The here considered discrete sensitivities, correspond to
the exact sensitivities of the solution of the time-discretized
system. In Ref. 18, numerical experiments confirm that there
is indeed little to gain by attempting to apply a local error
test to the sensitivity values. However, the question whether
it is preferable to use the continuous or the discrete gradient
in an optimization procedure is still an open issue, and its
answer depends undoubtedly on the underlying problem to
be solved.*?

Generally, the solution of NLP problems using full second-
order information has not been considered competitive with
standard Hessian free optimization methods when using the
sequential approach®”142%23 Therefore, the general focus is
given to the efficient computation of Hessian-vector products
of the Lagrangian. In this work, the proposed approach can be
directly used for the generation of Hessian-vector products,
where the vector specifies a direction in the parameter or the
discrete decision space. Instead of the observed quadratic
increase for the generation of a full Hessian, this leads then to
a linear increase in computing time, which corresponds
approximately to the time needed for a Jacobian generation.

To focus first on the general performance of the algorithm,
parallel computing has not been exploited yet. It can anyhow
be extended with very little modification of the source code
to the parallel computation of directional derivatives using,
for example, the standard Message Passing Interface (see
also Refs. 16 and 18).

Moreover, the proposed algorithm is based on the evalua-
tion of: Jacobians, first-, and second-order directional deriva-
tives of the left- and right-hand side of the model equations.
The operator overloading automatic differentiation (AD)
software ADOLC has been used for their evaluation. Gener-
ally, the overall performance has shown to be inferior to the
implementation using symbolically derived code (compare
the results in Ref. 34). As discussed in Ref. 13, it is promis-
ing for an efficient implementation to substitute ADOLC by
a different AD-based model derivative generation such as
source code transformation together with a coding of the
right-hand side optimized for AD or providing symbolically
the derived source code.
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Appendix A: Generation of Second-Order
Sensitivities Based on the Decomposition
Approach

From Eq. 13, we get for the second-order differential cal-

culus w.r.t. ug and u

d> 9? ? O?
5 [X] +2'6u—0u[x] +w[xl

™ =52 (A1)

Considering the dependencies in Eq. 11, we get for the

different terms in Eq. Al
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where Eqs. A2b and A2c are equivalent.
Differentiation of the term S’ in Eq. 14 w.r.t. uy and u and
as')  os') {8}4

adding both contributions gives
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which results in the same outcome as for Eq. Al, and thus,
verifies Eq. 16.

Appendix B: Generation of Second-Order
Directional Derivatives

Second-order local directional derivatives in Eq. 24 are
defined as

dl"(8,,9;) = [Iny® (3,)"] - SL" - & (B1)

u»u

In the following, these definitions for the matrix products
and their transposed are used®

AT.B" = (B-A)T
(B2)

(A®B)-(C@D)=(A-C)®(B-D);

Premultiplication and postmultiplication of the left-hand
side in Eq. 19 and using the rules in Eq. B2 yields the
definition for dI”(5, 62) (see Eq. B1), which is then used in
Eq. 24

1
u’

Ine @ (0))"] Vi ® Inu] - SL” - 0
=1, @ (O SL - 82 =T - [Ine ® (6))T] - SL” - 6> (B3)

Premultiplication of the right-hand side in Eq. 19 by [Ing
® (61)"] and using the rules in Eq. B2 yields the multiplier
of the first term on the right-hand side in Eq. 24

[INx ® (b:,)T} : |:1NX ® (SL/)T} = |:INX CICHEE (SL’)T}
= [ (sL0)] = [ (@6))'] B4)

In the same way as in Eqs. B3 and B4, all other terms in
Eq. 19 are reformulated to obtain Eq. 24.
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